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ABSTRACT 
Grey theory is about systematic analysis of limited information. The Grey-Markov model can 
improve the accuracy of forecast range in the random fluctuating data sequence. In this paper, we 
employed this model in energy system. The average errors of Energy Information 
Administrations predictions for world oil price and domestic crude oil production from 1982 to 
2007 and 1985 to 2008 respectively were used as two forecasted examples. We showed that the 
proposed Grey-Markov model can improve the forecast accuracy of original Grey forecast 
model. 
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1. INTRODUCTION  
 
Probability and statistics, fuzzy mathematics, and Grey systems theory have been the three most- 
often applied theories and methods employed in studies of non-deterministic system [7].In recent 
years, researchers have paid close attention to the intelligent schemes, such fuzzy logic, neural 
network, genetic algorithm, and Grey system [9]. Grey system theory was founded at the 
beginning of 1980s. Grey theory deals with model uncertainty and information inadequacy in 
analysis systems by studying conditional analysis, prediction, control and decision–making. The 
Grey prediction model is a qualified method for predictions with small data set; Moreover it has 
many applications in different fields.Y.Zhang andet al(2009)[13], applied a forecasting method 
combining Grey Model(GM) with partial least squares regression to Dalian city terminal energy 
consumption. Y.Hao and et al (2007) [12], used the Grey system model to simulate the long-term 
trend of economic development and obtained the periodic variation from analysis of residual 
model. H.Wu and F. Chen(2011)[5], proposed a GM(1,1) model for predicting short-term 
changes in Chinese exchange rate.  
Markov Chain forecasting model is appropriate for systems with high random fluctuation, which 
can improve the accuracy of GM(1,1) model; therefore the Grey-Markov forecasting model 
holds the advantages of both Grey model and Markov transition probability matrix model. 
H. Ma and D. Zhang(2009)[4], used the Grey- Markov model to forecast the coal production and 
consumption in chain. U. Kumar and V.K. Jain(2010), applied Grey Markov model to forecast 
the consumption of conventional energy in India and compared it with Grey model with rolling 

mailto:hrmostafaei@yahoo.com
mailto:sh_kordnourie@yahoo.com


2 
 

mechanism and singular spectrum analysis. Y. Zhang(2010)[10], used Grey Markov forecasting 
model for a highway’s traffic volume.  
Recently,energy systems were studied by many forecasting models. In this paper, we applied the 
Grey Markov model for the errors of Energy Information Administration (EIA) projections.The 
EIA is a creditable statistical agency for proficient competence, political independence. Several 
scientific analyses studied the precision of EIA projections. M. Auffhammer(2005)[8], studied 
test of rationality of published EIA forecasts under symmetric and asymmetric loss. D. Sakava 
(2005) [2], evaluated accuracy of annual energy outlook reports from 1982 to 2003 by error 
decomposition and regression. B. Neill and m. Desai(2005)[1], assessed and analyzed the 
accuracy of projections of US energy consumption produced by EIA over the period 1982-2000. 
About 35 percent of the world’s primary energy consumption is supplied by oil[3]. In this paper, 
we introduce an improved GM(1,1) model which combined the Grey System and the Markov 
Chain model. Then we predict and analyze the errors of EIA predictions for world oil price and 
domestic crude oil production by the Grey-Markov forecasting model. 
 
2. THE MATHEMATICAL METHOD  
 
The procedure of our mathematical prediction model can be summarized as follows: 
Suppose that  𝑋(0)(𝑘) = �𝑋(0)(1),𝑋(0)(2), … ,𝑋(0)(𝑛)� is the original data. A new sequence 𝑋(1) 
is set up through accumulated generating as follows:  

𝑋(1)(𝑘) = ( 𝑋(1)(1),𝑋(1)(2), … ,𝑋(1)(𝑛)   )                 (1) 
Where  

𝑋(1)(𝑘) = �𝑋(0)(𝑖)
𝑘

𝑖=1

 ,𝑘 = 1,2, … , 𝑛. 

The Grey prediction GM(1,1) model can be expressed by one variable and first order differential 
equation  

𝑑𝑋(1)(𝑘)
𝑑𝑘

+ 𝑎𝑋(1)(𝑘) = 𝑏(2) 
The solution of (2) is: 

𝑥�(1)(𝑘) = �𝑥(°)(1) − 𝑏�

𝑎�
� 𝑒−𝑎�𝑘 + 𝑏�

𝑎�
     (3) 

Where   
�𝑎𝑏� = (𝐵𝑇𝐵)−1𝐵𝑇𝑌𝑛 (4) 

And  

𝐵 =

⎝

⎜⎜
⎛

−1
2
�𝑋(1)(1) + 𝑋(1)(2)� 1

−1
2
�𝑋(1)(2) + 𝑋(1)(3)� 1

⋮ ⋮
− 1

2
�𝑋(1)(𝑛 − 1) + 𝑋(1)(𝑛)� 1⎠

⎟⎟
⎞

 (5) 

 

𝑌𝑛 =

⎣
⎢
⎢
⎡𝑋

(°)(2)
𝑋(°)(3)

⋮
𝑋(°)(𝑛)⎦

⎥
⎥
⎤
 (6) 
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By inverse accumulative generating operation, the predicted equation is: 
𝑋�(1)(𝑘) = �𝑋(°)(1) − 𝑏

𝑎
� (1 − 𝑒𝑎)𝑒−𝑎𝑘(7) 

Suppose  
𝑌�(𝑘) = 𝑋�(0)(𝑘 + 1) (8) 

Since  𝑌�  is a Markov Chain , we can divided it into several zones which are parallel to the  
regulation curve in accordance with particular circumstance and any zone 𝐻𝑖can be stated as : 

𝐻𝑖 = [𝐻�1𝑖 ,𝐻�2𝑖]i=1, 2, 3,..., n(9) 
Where 

𝐻�1𝑖 = 𝑋� (𝑘 + 1)(0) + 𝐴𝑖i=1, 2,3,…,n      (10) 
𝐻�2𝑖 = 𝑋� (𝑘 + 1)(0) + 𝐵𝑖i=1,2,3,…,n      (11) 

Here 𝐴𝑖,𝐵𝑖 are constant, which can be obtained by the difference between the raw data and 
forecasting regulation curve. We defined the borderlines of the zones above the regulation curve 
as upper borderlines and the ones under as lower borderlines. The upper and lower borderlines 
are assumed as 𝑋� (𝑘 + 1)(0) + 𝐴 and𝑋� (𝑘 + 1)(0) − 𝐵, respectively. 𝐴 and B are obtained by 
using the least square method as  

𝐴 = ∑ 𝑋(0)(𝐻 + 1)𝐻 − ∑ 𝑋� (𝐻 + 1)(0)
𝐻 /𝑝  (12) 

𝐵 = ∑ 𝑋(0)(𝐿 + 1)𝐿 − ∑ 𝑋� (𝐿 + 1)(0)
𝐿 /𝑞   (13) 

Where 𝑋(0)(𝐻 + 1) is the observed data above the regulation curve, p is the number of these 
data, 𝑋(0)(𝐿 + 1) denotes the observed data below the regulation curve and q is the number of 
these lower data. Let 𝑋� (𝑘 + 1)(0) + 𝐶 and 𝑋� (𝑘 + 1)(0) − 𝐷 as the top and bottom borderlines, 
respectively where  

C=max { 𝑋(0)(𝑘 + 1)-𝑋� (𝑘 + 1)(0)  }    (14) 
D=max {𝑋� (𝑘 + 1)(0) - 𝑋(0)(𝑘 + 1)}      (15) 

By getting A, B, C, and D, we have four zones as follows: 
𝐻1= [𝑋� (𝑘 + 1)(0) +A,𝑋� (𝑘 + 1)(0) + 𝐶] 
𝐻2=[𝑋� (𝑘 + 1)(0)  ,𝑋� (𝑘 + 1)(0) +A] 
𝐻3=[𝑋� (𝑘 + 1)(0) − 𝐵 ,𝑋� (𝑘 + 1)(0) ] 

 𝐻4=[𝑋� (𝑘 + 1)(0) −𝐷 , 𝑋� (𝑘 + 1)(0) − 𝐵](16) 
More subzones can be divided in each zone above with the same method.  
If  𝑀𝑖𝑗(𝑚) is the data number of raw series which transfer m step from  𝐻𝑖 to 𝐻𝑗 and 𝑀𝑖 is the 
number of data that is in the zone  𝐻𝑖, then we call 

𝑝𝑖𝑗 = 𝑀𝑖𝑗(𝑚)
𝑀𝑖

i,j=1,2,3,…,n        (17) 
the mth step transitionprobability. The transition matrix P (m) is as follow: 

P(m)=�

𝑝11(𝑚) 𝑝12(𝑚) … 𝑝1𝑛(𝑚)
𝑝21(𝑚) 𝑝22(𝑚) … 𝑝2𝑛(𝑚)

⋮         ⋮ ⋮          ⋮
𝑝𝑛1(𝑚) 𝑝𝑛2(𝑚) … 𝑝𝑛𝑛(𝑚)

�   (18) 

P(m) reflects the transition regulation between different states and is the foundation of the 
forecast model of Grey Markov. We can predict the future trend of the systems by studying the 
stochastic transition matrix P(m). If P(1) has more than two lines whose probability values are 
same alike or close to other and it is difficult to decide the next direction of the system with 
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certain, it is needed to study and check the matrix P(2) or P(m)(𝑚 ≥ 3). At the same time, it can 
be decide the transition of the system by checking P(1) or P(m)(𝑚 ≥ 2).At last the eventual 
forecast value can be obtained as  

𝑌�′(𝑘) = 1
2

(𝐻�1𝑙 + 𝐻�2𝑙)            (19) 
Applying (10), (11) and since the forecast is most probably in zone 𝐻𝑙, then 𝑌�′(𝑘) can be 
expressed as  

𝑌�′(𝑘) = 𝑋� (𝑘 + 1)(0) + 1
2

(𝐴𝑙 + 𝐵𝑙)               (20) 
 
3. APPLICATIONS 
 
The office of integrated analysis and forecasting of the Energy Information Administration (EIA) 
has produced annual evaluation of accuracy of annual energy outlook (AEO) since 1996 [3]. The 
projections in the AEO are not statements of what will happen but of what might happen, given 
the assumptions and methodologies [3].This paper deals with AEO’s oil price and production 
projections. Figure 1 shows the EIAs oil price forecast history. 

 
Figure 1.EIA crude oil price forecast history (1982-2008) [14]. 

 
The time series of average absolute error of world oil prices and domestic crude oil production of 
the AEO’s projections show random fluctuation. In this section we predict and analyze these 
projections errors by the Grey Markov forecasting model. The data of world oil price errors from 
1989  to 2007 and domestic crude oil errors from 1985 to 2008 are listed in table 1 and 2, 
respectively[15]. 

Year 
Oil price error  

1982 
25.54 

1983 
28.65 

1984 
20.66 

1985 
16.81 

1986 
16.67 

1987 
7.59 

1988 
11.64 

Year 
Oil price error 

1989 
10.55 

1990 
11.69 

1991 
10.64 

1992 
9.59 

1993 
9.75 

1994 
11.84 

1995 
12.84 

Year 
Oil price error 

1996 
15.84 

1997 
17.29 

1998 
20.99 

1999 
21.12 

2000 
22.51 

2001 
23.06 

2002 
25.53 

Year 
Oil price error 

2003 
29.81 

2004 
28.85 

2005 
12.84 

2006 
10.10 

2007 
11.17 
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Table 1.  Average absolute errors of world oil price of EIA’s projections. 
Year 
Oil production error 

1985 
0.16 

1986 
0.12 

1987 
0.34 

1988 
0.33 

1989 
0.59 

1990 
0.50 

Year 
Oil production error 

1991 
0.24 

1992 
0.17 

1993 
0.17 

1994 
0.19 

1995 
0.34 

1996 
0.29 

Year 
Oil production error 

1997 
0.40 

1998 
0.36 

1999 
0.27 

2000 
0.25 

2001 
0.29 

2002 
0.31 

Year 
Oil production error 

2003 
0.28 

2004 
0.28 

2005 
0.37 

2006 
0.44 

2007 
0.47 

2008 
0.53 

Table 2.Average absolute residual errors of domestic crude oil production of EIA’s projections. 
 

We predict the world oil price error of 2008 and domestic crude oil production error of 2009 by 
applying the Grey-Markov model. According to our method we obtained: 

World oil price error:  𝑋� (𝑘 + 1)(0)  =14.2972𝑒0.011741𝑘 
                 Domestic crude oil production error: 𝑋� (𝑘 + 1)(0)  =0.2653𝑒0.016869𝑘 
By (12) to (15), it follows that  
World oil price error:   A=6.3161, B=5.4385, C=14.18 and D=8.85 
Domestic crud oil production error: A=0.107, B=0.0821, C=0.31 and D=0.15 
Therefore four zones are compartmentalized as follows: 
World oil price error: 

𝐻1= [𝑋� (𝑘 + 1)(0) +6.3161,𝑋� (𝑘 + 1)(0) + 14.18] 
𝐻2= [𝑋� (𝑘 + 1)(0) ,𝑋� (𝑘 + 1)(0) +6.3161] 
𝐻3=[𝑋� (𝑘 + 1)(0) − 5.4385 ,𝑋� (𝑘 + 1)(0) ] 

 𝐻4=[𝑋� (𝑘 + 1)(0) − 8.85 , 𝑋� (𝑘 + 1)(0) − 5.4385] 
 

Domestic crud oil production error:  
 

𝐻1= [𝑋� (𝑘 + 1)(0) +0.107,𝑋� (𝑘 + 1)(0) + 0.31] 
𝐻2= [𝑋� (𝑘 + 1)(0) ,𝑋� (𝑘 + 1)(0) +0.107] 

𝐻3=[𝑋� (𝑘 + 1)(0) − 0.0821 ,𝑋� (𝑘 + 1)(0) ] 
𝐻4=[𝑋� (𝑘 + 1)(0) − 0.15 , 𝑋� (𝑘 + 1)(0) − 0.0821] 

 
Figure 2 shows these four zones𝐻1,𝐻2,𝐻3, 𝐻4 from the top down and their borderlines for the 
crude oil production. We obtained for these errors that  𝑀1=5,𝑀2=8,𝑀3=7 and 𝑀4=5 and the 
number of the raw data from 𝐻4 to 𝐻1,𝐻2,𝐻3 and 𝐻4 respectively by one step is 0,0,2,3. Thus 
from (17) and with the same way the transition probability matrix of one step is as follow: 

 

P(1)=�

3/5
1/8

0

1/5 0 1/5
3/4 0 1/8

 1/7 5/7 1/7
0 0 2/5 3/5

� 

 
From Fig.2, we can see that the error of world oil price of 2007 is in  𝐻4 , so we examine the 
fourth line of P (1). The maximum probability of this line is 𝑝44 . Hence the next state of the 
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system may transfer from 𝐻4 to 𝐻4 . We predict that the error of world oil price of 2008 is 
probably in𝐻4. At last the forecast error of 2008 can be obtained as follow: 

𝑌�′(26)=1
2

(𝐻�14 + 𝐻�24)=  𝑋� (27)(0) -1
2
( B+D) =12.257   

Table 3 shows the forecast value and the precision with GM(1,1) model and the Grey Markov 
model. By comparing the results we can deduce that the forecast value of the Grey Markov 
forecasting model is more precise and reliable than the original GM (1, 1). 
Figure 3 shows the four zones𝐻1,𝐻2,𝐻3, 𝐻4 from the top down and their borderlines for error of 
crude oil production. We obtained for these errors that 𝑀1=2,𝑀2=7,𝑀3=7 and 𝑀4=7 and the raw 
number of data from 𝐻1 to 𝐻1,𝐻2,𝐻3 and 𝐻4by one step is 1,0,1,0, respectively . Therefore, the 
transition probability matrixes of one and two step are: 

P (1) =�

1/2
2/7

0

0 1/2 0
3/7 2/7 0

 2/7 2/7 3/7
0 2/7 2/7 3/7

�   and P (2) =�

1/4
13/49
4/49

1/7 11/28 3/14
13/49 17/49 6/49
 16/49 2/7 15/49

4/49 16/49 2/7 15/49

� 

 
From Fig.3, we see that the error of oil production projection of 2008 is in 𝐻1 , so we investigate 
the first line of P(1) and since 𝑝11 and 𝑝13 are equal, we examine the P(2) and see that 𝑝13 is the 
maximum probability. Therefore the next state of the system may transfer from 𝐻1 to 𝐻3 . The 
error of crude oil production of 2009 can be obtained as follow: 

𝑌�′(24)=1
2

(𝐻�13 + 𝐻�23) = 𝑋� (25)(0) − 1
2
B =0.3567 

 
Fig.2Forecast curve of the errors of world oil price predictions for EIA during 1982 to 2007 
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Fig. 3.Forecast curve of the errors of domestic crude oil productions for EIA during 1985 to 2008. 

 
We give the forecasted values and their precisions by the GM(1,1) and Grey Markov model in 
table 3. Obviously we conclude that the Grey Markov model give more precise predictions and 
improve the GM(1,1) forecasts. 
 
Year 
 
 
2008 

Actual average absolute error 
of world oil prices for EIA  
12.50 

GM(1,1) model Grey-Markov model 
Forecast value     precision  
 
19.40                       44.79% 

Forecast value    precision 
 
12.26                    98.06% 

Year 
 
 
 
2009 

Actual average absolute 
residual of domestic crude oil 
production for EIA 
 
0.32  

 
 
 
 
0.40                         75.70% 

 
 
 
 
0.36                      88.34% 

Table 3. The comparison between GM(1,1) and Grey-Markov method. 
 
4. CONCLUSION 
 
The model GM(1,1) can be used to forecast the change trend of data sequences, while the 
Markov model can be applied to decide the vibration regulation of their development , and both 
can be joined together to become a Grey-Markov forecast model. We applied this model for the 
average errors of EIA’s projections. By comparing the GM(1,1) and Grey Markov model results, 
we concluded that the Grey-Markov model give higher and reliable forecastings. 
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